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The pseudopotential model in lattice Boltzmann method is widely used to simulate two-phase flows. Thermo-
dynamic consistency is an important issue in the pseudopotential model. To achieve thermodynamic consistency,
various force schemes have been proposed for the pseudopotential model. However, their performance under
transient and moving conditions remains insufficiently validated. We evaluate existing force schemes and find
that most of them suffer from interfacial velocity slip. A Chapman-Enskog analysis reveals that these schemes
introduce error terms in the macroscopic equations, leading to the interfacial velocity slip. While other schemes
avoid this slip, they fail to achieve thermodynamic consistency. To address this issue, we propose a novel
pseudopotential model achieving thermodynamic consistency while preventing interfacial velocity slip. Our
model introduces a new pseudopotential force by adding a term 2γ∇2ψ∇ψ + O(∇5) to the original force. Here,
ψ represents the pseudopotential and the coefficient γ is used to tune the coexistence densities. The applicability
of our model under moving conditions is validated through simulations of two-phase Couette flow and two-phase
Poiseuille flow. Numerical results confirm that our model achieves second-order accuracy. The transient results
of our model are compared with those of volume of fluid method, validating the applicability of our model under
transient conditions. Finally, droplet splashing and liquid film evaporation under shear flow are also simulated to
demonstrate our model’s capability for simulating two-dimensional flow and interphase mass transfer.
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I. INTRODUCTION

Multiphase flow is a prevalent physical phenomenon in
nature and plays a critical role in various fields, including
microelectronics [1], nuclear energy [2] and the chemical
industry [3]. Numerical simulations have become an essential
tool for studying multiphase flow, particularly in scenarios
where experimental approaches are infeasible [3–5]. Among
the methods commonly used to simulate multiphase flow, the
volume of fluid (VOF) method [6] and the level set method
[7] are two widely adopted macroscopic approaches. Despite
their popularity, both methods face challenges, particularly in
modeling porous media and accurately capturing wall contact
angles. The lattice Boltzmann method (LBM), a mesoscopic
approach [8], has shown great potential for simulating mul-
tiphase flow. Common multiphase lattice Boltzmann (LB)
models include the free-energy model [9], the color-gradient
model [10], the pseudopotential model [11,12], and the phase-
field model [13,14]. Among these, the pseudopotential model
has attracted significant attention due to its conceptual sim-
plicity, computational efficiency and kinetic properties [15].

The pseudopotential model was first proposed by Shan and
Chen in 1993 [11]. In this model, a simple pseudopotential
force is incorporated into the standard LB framework to repre-
sent intermolecular forces. By including this pseudopotential
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force, the model can effectively capture phase transitions and
phase separation without requiring explicit tracking of the
liquid-gas interface. This feature quickly gained significant
attention within the scientific community. Building on Shan
and Chen’s foundational work [11,12], He and Doolen [16]
extended the pseudopotential model to accommodate a wide
range of equations of state (EOS). Yuan and Laura [17] further
explored various EOS formulations and provided guidelines
for their selection. Recently, the EOS in Helmholtz energy
form is also introduced to the pseudopotential model by Zheng
and Huang [18]. At the same time, numerous applications of
the pseudopotential model have been studied. For instance,
Chen et al. [4] conducted LB simulations of microchannel
flow boiling to enhance heat dissipation, while Gong et al.
[19,20] applied the model to investigate nanoscale evaporation
heat transfer. Recently, Hou et al. [21] extended the pseu-
dopotential model to the field of supercritical fluid thermal
convection.

As highlighted in the previous paragraph, the pseudopo-
tential force is fundamental to the pseudopotential model,
and various force schemes have been developed to incorpo-
rate it. Shan and Chen initially introduced a force scheme
[11], but the liquid-gas coexistence densities in this scheme
were found to vary with viscosity [22]. Guo et al. [23] pro-
posed an alternative force scheme in which the coexistence
densities are independent of viscosity. McCracken and Abra-
ham [24] further developed a multiple-relaxation-time (MRT)
force scheme for multiphase flow, which was later identified
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as the MRT version of Guo et al.’s scheme [15]. To achieve
large density ratios, Kupershtokh et al. [25] proposed the exact
difference method (EDM) scheme.

Despite these advancements, all above schemes suffer
from thermodynamic inconsistency. In a liquid-gas equilib-
rium system, the coexistence densities are expected to be
determined by the Maxwell area construction. However, the
coexistence densities predicted by the pseudopotential model
often deviate from those given by the Maxwell construction,
a phenomenon known as thermodynamic inconsistency. Shan
and Chen [9] demonstrated that thermodynamic consistency
can only be achieved if the pseudopotential is defined as
ψ = ψ0 exp(−ρ0/ρ), where ρ is the density, ψ is the pseu-
dopotential and ρ0 and ψ0 are adjustable parameters. Under
this definition, however, the EOS is fixed to a specific form
and cannot be freely adjusted.

To achieve thermodynamic consistency, various improved
force schemes have been proposed for the pseudopotential
model. Li et al. [26] compared the Shan-Chen, EDM and
Guo et al.’s force schemes. They found that both the Shan-
Chen and EDM schemes introduce a similar additional term
in the macroscopic equations, which enhances their stability
compared to Guo et al.’s scheme. Based on their analysis,
Li et al. proposed an improved scheme that incorporates
this additional term, achieving thermodynamic consistency
by tuning the coexistence densities. Subsequently, they [27]
further developed the corresponding MRT version of their
force scheme. Lycett-Brown and Luo [28] conducted a third-
order Chapman-Enskog (CE) analysis of a general forcing
term and found that the EDM scheme introduces a high-order
error term. Similar to Li et al. [26,27], they developed a force
scheme capable of adjusting the coexistence densities. Addi-
tionally, they observed that increasing the interface thickness
reduces the error in gas density. Huang and Wu [29] per-
formed a third-order CE analysis of the McCracken-Abraham
scheme and identified a third-order isotropic term in the
scheme. Based on their analysis, they proposed an improved
scheme that allows for the adjustment of coexistence densi-
ties. Zheng et al. [30] also conducted a third-order CE analysis
on various force schemes, including the Shan-Chen, EDM and
Guo et al.’s schemes. Building on Li et al.’s work [26,27], they
proposed an improved scheme that facilitates the adjustment
of coexistence densities. Recently, Huang et al. [31–33] devel-
oped a lattice Boltzmann model with a self-tuning equation of
state (ST-EOS model). This model combines the advantages
of the pseudopotential model and the free-energy model, in-
herently satisfying thermodynamic consistency. Third-order
CE analysis was also employed in their work. Additionally,
Li et al. [34] compared five commonly used EOS within the
ST-EOS model. Their findings indicated that the maximum
density ratios achieved by different EOS are comparable and
that increasing the interface thickness leads to higher density
ratios.

From the above discussion, it is evident that the inter-
face thickness is closely related to coexistence densities. In
the LB community, modifying the EOS is a widely used
method for adjusting the interface thickness. Wagner and
Pooley [35] were among the first to investigate the effect of
EOS on interface thickness. They introduced a scaling factor
k into the EOS and found that decreasing k increases the

interface thickness, which, in turn, results in a larger liquid-
gas density ratio. This approach has since been widely
adopted in the pseudopotential community [36,37]. Notably,
both Lycett-Brown et al.’s scheme [28] and the ST-EOS model
[31] utilize this method to adjust the interface thickness. Ad-
ditionally, adjusting the coefficient in the EOS has also been
shown to influence the interface thickness. For example, Li
et al. [27] demonstrated that the interface thickness is approx-
imately proportional to 1/

√
a, where a is a coefficient in the

Carnahan-Starling EOS.
Although significant progress has been made in the de-

velopment of pseudopotential models, several research gaps
remain. As highlighted in the literature review, high-order
CE analysis is widely employed in the development of force
schemes. To simplify the analysis, steady-state and stationary
assumptions are commonly adopted in performing higher-
order CE expansions of force schemes [28–31,38]. However,
the applicability of these proposed force schemes under
transient and moving conditions has not been adequately val-
idated. Furthermore, while modifying the EOS to adjust the
interface thickness is a common method, the physical meaning
of this adjustment remains unclear.

In this paper, we assess the applicability of various popular
force schemes under moving conditions. Our findings reveal
that most of these schemes suffer from interfacial velocity
slip. To address this issue, we propose a novel pseudopotential
model with tunable coexistence densities and no interfa-
cial velocity slip. Additionally, we provide a comprehensive
discussion on the underlying mechanisms of adjusting the
interface thickness by modifying the EOS.

The rest of the paper is organized as follows. Section II
introduces the Maxwell construction and discusses the me-
chanical stability of the pseudopotential model. Section III
summarizes existing popular force schemes and verifies our
codes by comparing liquid-gas coexistence densities. Interfa-
cial velocity slip is discussed in Sec. IV. Section V introduces
our new pseudopotential force model, which is validated un-
der moving and transient conditions in Sec. VI. Finally, the
main findings of this study are summarized in Sec. VII.

II. THERMODYNAMIC INCONSISTENCY

Thermodynamic inconsistency is a primary concern in the
pseudopotential community. In this section, we provide a de-
tailed discussion of this issue.

A. Macroscopic equations and Maxwell construction

For a two-phase system described by a given EOS, the
mass and momentum transport equations are as follows
[16,33]:

∂ρ

∂t
+ ∇ · (ρu) = 0, (1a)

∂ (ρu)

∂t
+ ∇ · (ρuu) = −∇ · P + ∇ · � + F, (1b)

where t is time, u is the velocity, and F represents the force.
The pressure tensor P and the viscous stress tensor � are
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given by

� = μ(∇u + ∇uT) +
(

ξ − 2

D
μ

)
∇ · u, (2a)

P =
(

pEOS − κ

2
∇ρ · ∇ρ − κρ∇2ρ

)
I + κ∇ρ∇ρ, (2b)

where μ is the dynamic viscosity, ξ is the bulk viscosity,
pEOS is the pressure given by the EOS, D is the number of
spatial dimensions, and I represents the identity matrix. The
parameter κ is related to the surface tension.

Next, we consider a steady, stationary, and one-
dimensional problem where the liquid-gas interface is parallel
to the y-z plane. In this case, the normal pressure Pn can be
expressed as

Pn = Pxx = pEOS − κρ
d2ρ

dx2
+ κ

2

(
dρ

dx

)2

. (3)

From Eq. (3), we obtain

2

κ
[pEOS(ρ) − Pn]

1

ρ2
= d

dρ

[
1

ρ

(
dρ

dx

)2
]
. (4)

Since dρ/dx = 0 in the single-phase region, integrating
Eq. (4) from the gas density ρgas to the liquid density ρliq,
we obtain ∫ ρliq

ρgas

[pEOS(ρ) − Pn]
1

ρ2
dρ = 0, (5)

where υ = 1/ρ denotes the specific volume. Equation (5)
corresponds to the Maxwell area construction [39].

B. Pseudopotential force and its mechanical stability

The pseudopotential force proposed by Shan and Chen
[11,12] is expressed as

Fpp = −Gψ (x, t )
∑

i

w(|ei/c|2)ψ (x + eiδt , t )ei, (6)

where G is a parameter controlling the strength of the pseu-
dopotential force, x is the position vector and δt is the time
step. Additionally, c = δx/δt is the lattice speed, where δx

represents the spatial step. The weights are defined as w(1) =
1/3 and w(2) = 1/12. Without loss of generality, the D2Q9
discrete velocity set [40] is employed.

Next, a Taylor expansion of Eq. (6) at x, neglecting higher-
order terms of O(∇5), yields

Fpp = −Gcδxψ∇ψ − κppψ∇∇ · ∇ψ

= −Gcδx

2
∇ · (ψ2I) − κpp∇ · [a1∇ψ∇ψ

+ a2ψ∇∇ψ + (a3∇ψ · ∇ψ + a4ψ∇ · ∇ψ )I], (7)

where κpp = Gcδ3
x /6 and the free parameters a1−4 satisfy the

following relations [29]:

a1 + a2 + 2a3 = 0, a1 + a4 = 0, a2 + a4 = 1. (8)

From Eq. (1b), it is evident that the roles of F and ∇ · P are
analogous. The pseudopotential force can thus be interpreted
as a contribution to the pressure tensor, i.e., Fpp = −∇ · Ppp.

The corresponding pressure tensor is expressed as

Ppp = Gcδx

2
ψ2I + κpp[(a3∇ψ · ∇ψ + a4ψ∇2ψ )I

+ a1∇ψ∇ψ + a2ψ∇∇ψ]. (9)

At this point, the total pressure tensor is given as P = pLBEI +
Ppp, where pLBE = ρc2

s is the pressure from the LB equa-
tion and cs = c/

√
3 is the sound speed [40]. By comparing

Eq. (2) with Eq. (9), it follows that the pseudopotential ψ must
satisfy the following form to accommodate arbitrary EOS:

ψ =
√

2(pEOS − pLBE)

Gcδx
. (10)

In this formulation, G does not influence the results and G =
−1 is chosen to ensure that the expression under the square
root is positive. For a steady, stationary and one-dimensional
problem, the normal pressure is expressed as

Pn = pEOS + κpp

2

[
A

(
dψ

dx

)2

+ Bψ
d2ψ

dx2

]
, (11)

where A = −1 and B = 2. Referring to Appendix A in
Ref. [27], Eq. (11) can be rewritten as

(Pn − pEOS)
ψ ′

ψ1+ε
= κpp

2

d

dρ

[
(ψ ′)2

ψε

(
dρ

dx

)2
]
, (12)

where ψ ′ = dψ/dρ and ε = −2A/B = 1. Integrating
Eq. (12) from ρgas to ρliq, the mechanical stability condition
is obtained as ∫ ρliq

ρgas

(pEOS − Pn)
ψ ′

ψ1+ε
dρ = 0. (13)

Comparing Eq. (5) with Eq. (13), it is evident that the
mechanical stability condition deviates from the Maxwell area
construction, leading to thermodynamic inconsistency in the
pseudopotential model. This inconsistency is reflected in the
coexistence densities predicted by the pseudopotential model,
which fail to satisfy the thermodynamic equilibrium dictated
by the Maxwell construction. Notably, Eq. (13) contains a
coefficient ε, which can be tuned to achieve results consis-
tent with the Maxwell construction. This approach has been
widely adopted in the pseudopotential community [26–29]. It
is important to state that thermodynamic consistency is not
only just consistency in the coexistence densities between the
LBM results and the Maxwell construction, but also includes
other aspects such as chemical potential consistency [9]. In
this paper, we will only discuss the coexistence densities con-
sistency, which is the focus of attention in the pseudopotential
community.

III. EXISTING FORCE SCHEMES

A. Introduction and comparison of various force schemes

Existing force schemes can be broadly classified into
two categories: single-relaxation-time (SRT) schemes and
multiple-relaxation-time (MRT) schemes. The SRT schemes
can be expressed in the following unified form:
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Collision:

f ∗
i (x, t ) = − 1

τ

[
fi(x, t ) − f eq

i (x, t )
] + Fi. (14)

Streaming:

fi(x + eiδt , t + δt ) − fi(x, t ) = f ∗
i (x, t ). (15)

Macroscopic values:

ρ =
∑

i

fi, ρu =
∑

i

ei fi + δt

2
F. (16)

Equilibrium density distribution function:

f eq
i = ρωi

[
1 + ei · ueq

c2
s

+ (ei · ueq)2

2c4
s

− (ueq)2

2c2
s

]
. (17)

Here, fi represents the density distribution function, Fi denotes
the force contribution to the distribution function and τ =
ν/(c2

s δt ) + 0.5 is the dimensionless relaxation time, where ν

is the kinematic viscosity. ueq is the equilibrium velocity used
to compute f eq

i and ωi are the weights defined as ω0 = 4/9,
ω1−4 = 1/9 and ω5−8 = 1/36 for the D2Q9 discrete velocity
set [40]. The total force F consists of two components: F =
Fpp + Fext, where Fpp is the pseudopotential force and Fext is
the external force. The common SRT schemes are summarized
as follows:

(1) SRT: Shan-Chen Scheme [11]

Fi = 0, ρueq =
∑

i

ei fi + τδt F. (18)

(2) SRT: Guo et al.’s Scheme [23]

Fi = δtωi

(
1 − 1

2τ

)[
ei − u

c2
s

+ (ei · u)ei

c4
s

]
· F, (19a)

ueq = u. (19b)

(3) SRT: EDM Scheme [25]

Fi = f eq
i (ρ, u∗ + �u) − f eq

i (ρ, u∗), ueq = u, (20)

where ρu∗ = ∑
i ei fi and �u = δt F/ρ.

(4) SRT: Li et al.’s Scheme [26]

Fi = δtωi

(
1 − 1

2τ

)[
ei − v

c2
s

+ (ei · v)ei

c4
s

]
· F, (21a)

ueq = u, (21b)

where v = u + σFpp/[(τ − 0.5)ψ2]. Here, σ is a coefficient
used to adjust the coexistence densities.

Due to their enhanced stability, MRT force schemes are
generally preferred over SRT schemes. The streaming step
and macroscopic value calculations in the MRT model are
consistent with those in the SRT model [see Eqs. (15) and
(16)]. The core concept of the MRT scheme is to perform
the collision step in momentum space [41]. The density
distribution function is transformed into momentum space
through matrix operations, given by m = Mf , where f =
[ f0, f1, f2, . . . , f8]T and m = [m0, m1, m2, . . . , m8]T. The
dimensionless orthogonal transformation matrix M is

chosen as

M =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1 1 1 1 1 1 1 1
−4 −1 −1 −1 −1 2 2 2 2

4 −2 −2 −2 −2 1 1 1 1
0 1 0 −1 0 1 −1 −1 1
0 −2 0 2 0 1 −1 −1 1
0 0 1 0 −1 1 1 −1 −1
0 0 −2 0 2 1 1 −1 −1
0 1 −1 1 −1 0 0 0 0
0 0 0 0 0 1 −1 1 −1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(22)

In contrast to the SRT model, the collision step in the MRT
model is expressed as

m∗ = −�(m − meq) + δt

(
I − �

2

)
Fm, (23)

where the diagonal relaxation matrix � is defined as

� = diag

[
1

τc
,

1

τξ

,
1

τe
,

1

τc
,

1

τq
,

1

τc
,

1

τq
,

1

τν

,
1

τν

]
. (24)

Here, τc corresponds to conserved quantities, while τe and τq

are tunable coefficients that impact model stability. τν and τξ

are associated with viscosity and are defined as

τν = ν

c2
s δt

+ 0.5, τξ = ξ

ρc2
s δt

+ 0.5. (25)

In this study, all coefficients in Eq. (24) except τν are set to 1.
The density distribution function is transformed back into ve-
locity space for the streaming step using f∗ = M−1m∗, where
M−1 is the inverse matrix of M. The equilibrium distribution
function in momentum space is expressed as

meq = ρ
(
1,−2 + 3|ū|2, 1 − 3|ū|2, ūx,−ūx,

ūy,−ūy, ū2
x − ū2

y, ūxūy
)T

. (26)

Here, the overline ·̄ (e.g., ūx, F̄x) indicates variables normal-
ized by the lattice speed c.

The common MRT schemes are summarized as follows:
(1) MRT: McCracken-Abraham scheme [24]

Fm = [0, 6F̄ · ū,−6F̄ · ū, F̄x,−F̄x, F̄y,−F̄y,

2(F̄xūx − F̄yūy), F̄xūy + F̄yūx]T. (27)

(2) MRT: Li et al.’s scheme [27]
The first and second components of Fm in Eq. (27) are

modified as

Fm1 = 6F̄ · ū + 12σ |F̄pp|2
ψ2δt (τξ − 0.5)

, (28a)

Fm2 = −6F̄ · ū + 12σ |F̄pp|2
ψ2δt (τe − 0.5)

, (28b)

where σ is a coeffcient used to adjust the coexistence densi-
ties.
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TABLE I. Comparison of various force schemes. The second column lists the corresponding ε values of the force schemes. The third
column indicates whether the force scheme achieves thermodynamic consistency, where � denotes that thermodynamic consistency is achieved
and ✗ denotes that it is not achieved. The fourth column indicates whether the force scheme suffers from interfacial velocity slip, where �
denotes that interfacial velocity slip is eliminated and ✗ denotes that it exists.

Force schemes Parameter ε Consistency Velocity slip

SRT: Shan-Chen [11] Unknown ✗ ✗

SRT: Guo et al. [23] 0 ✗ �
SRT: EDM [25] ε = −2Gc2

s ψ
2/ρ ✗ ✗

SRT: Li et al. [26] ε = −16Gσ � ✗

MRT: McCracken-Abraham [24] 0 ✗ �
MRT: Li et al. [27] ε = −16Gσ � ✗

MRT: Huang-Wu [29] ε = −8(k1 + k2 ) � ✗

MRT: ST-EOS [31] / � ✗

(3) MRT: Huang-Wu scheme [29]
This scheme introduces an additional term �Qm into

Eq. (23), where

Qm =
[

0, 3(k1 + 2k2)
|F̄pp|2
Gψ2

,−3(k1 + 2k2)
|F̄pp|2
Gψ2

,

0, 0, 0, 0, k1

F̄ 2
pp,x − F̄ 2

pp,y

Gψ2
, k1

F̄pp,xF̄pp,y

Gψ2

]T

, (29)

where k1 and k2 are coeffcients used to adjust the coexistence
densities.

(4) MRT: ST-EOS scheme [31]
This scheme inherently achieves thermodynamic consis-

tency. Due to its complexity and differences from the above
schemes, detailed descriptions are omitted here. We adopt
the implementation described in Refs. [34,42]. Furthermore,
the SR-EOS model is very different from the pseudopotential
model. To some extent it cannot be grouped into the pseu-
dopotential LB methods.

The corresponding values of ε for various force schemes
are summarized in Table I. We have selected the eight force
schemes mentioned above not only because they are widely
used, but also because they are highly representative. That is,
most other schemes either borrow ideas from these schemes
or have been shown to be equivalent to them. For instance,
Li et al. [15] has demonstrated that Wagner’s scheme [43] is
equivalent to Guo et al.’s scheme, while the schemes proposed
by Lycett-Brown and Luo [28,44] are largely based on Li
et al.’s scheme, with a modification to the Fi term of the
Guo et al. scheme. Additionally, the decoupled and stabi-
lized lattice Boltzmann method proposed by Wu et al. [45]
also incorporates the Qm term from the Huang-Wu scheme
to ensure thermodynamic consistency. We believe that these
eight schemes can represent all existing force schemes in the
pseudopotential community.

B. Coexistence densities under stationary conditions

In this section, the coexistence densities for various
schemes are presented to provide a detailed comparison of
their performance. Additionally, these results serve to validate
the accuracy of our codes. The EOS adopted in this work is
the Peng-Robinson EOS [17], which is expressed as

pEOS = ρRT

1 − bρ
− aϕ(T )ρ2

1 + 2bρ − b2ρ2
, (30)

where ϕ(T ) = [1 + (0.37464 + 1.54226ω − 0.26992ω2)
(1−√

T/Tc)]2, a = 0.45724R2T 2
c /pc, and b = 0.0778RTc/pc.

Here, R represents the gas constant, ω is the acentric factor,
T is the temperature, p is the pressure, and the subscript c
denotes critical point properties. In this work, we use the
values a = 2/49, b = 2/21, R = 1, and ω = 0.344 [4,17].
Unless otherwise indicated, δx and δt are taken as 1 in this
study.

To obtain the coexistence densities, a one-dimensional flat
plate is simulated. The computational domain length Lx is set
to 200 and the domain width Ly is set to 2, corresponding
to a lattice size of Nx × Ny = 201 × 3. Periodic boundary
conditions are applied. The convergence criterion is defined
as

max

∣∣∣∣ρ(x, t ) − ρ(x, t − δt )

ρ(x, t − δt )

∣∣∣∣ < 10−9. (31)

The density field is initialized as

ρ(x, 0)= ρliq + ρgas

2
− ρliq − ρgas

2
tanh

2(|x − Lx/2| − Lx/4)

Winit
,

(32)

where the initial interface thickness Winit is set to 5. Here, ρliq

and ρgas represent the liquid and gas densities, respectively,
which are determined by the mechanical stability condition.
For the Shan-Chen and EDM schemes, solving the mechanical
stability condition is challenging, so the initial densities are
instead determined using the Maxwell construction.

Figure 1(a) presents the coexistence densities for the Shan-
Chen scheme, showing that the coexistence curve varies with
ν. This phenomenon is consistent with the findings of Huang
et al. [22]. Figure 1(b) illustrates that the coexistence densities
of the EDM scheme are independent of viscosity. By compar-
ing Figs. 1(a) and 1(b), it can be observed that the coexistence
densities for the Shan-Chen and EDM schemes coincide
when τ = 1. This occurs because, under this condition, the
dimensionless relaxation time τ equals 1, making the two
schemes equivalent, as reported by Li et al. [26]. Figure 1(c)
compares the coexistence densities of Guo et al.’s scheme
and the McCracken-Abraham scheme. The results show good
agreement with the mechanical stability condition for ε = 0,
confirming that the McCracken-Abraham scheme is the MRT
version of Guo et al.’s scheme [15]. The McCracken-Abraham
scheme is employed for the following computations in this
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FIG. 1. Coexistence densities of existing schemes. Black solid
lines represent the coexistence densities given by Maxwell construc-
tion. Green dashed lines represent the coexistence densities given
by mechanical stability. The kinematic viscosity τ in panels (c) and
(d) is 1.

study. Figures 1(d) and 1(e) display the coexistence densities
for Li et al.’s scheme and the Huang-Wu scheme, respectively.
In this paper, the parameter σ in Li et al.’s scheme is set
to 0.1125, while the parameters k1 and k2 in the Huang-Wu
scheme are set to −0.1125. The corresponding value of ε

is 1.8. The results align well with the mechanical stability
condition and the Maxwell construction, demonstrating that
thermodynamic consistency can be achieved by tuning ε. The
coexistence densities for the ST-EOS model are shown in
Fig. 1(f). Following the settings of Li et al. [34], the interface
thickness is fixed at 10 and the surface tension is set to 0.01.
The results exhibit excellent agreement with the Maxwell
construction, confirming that the ST-EOS model inherently
satisfies thermodynamic consistency. In summary, the results
in Fig. 1 are consistent with analytical solutions and previous
studies, validating the accuracy of our codes. The performance
of various schemes in terms of thermodynamic consistency is
summarized in Table I.

IV. INTERFACIAL VELOCITY SLIP

As discussed in Sec. I, steady-state and stationary assump-
tions are commonly employed to simplify the high-order CE
analysis of existing schemes. However, the applicability of
these schemes under transient and moving conditions has
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Two-phase Couette flow

FIG. 2. Schematic diagrams of the two-phase (a) Poiseuille and
(b) Couette flows.

not been thoroughly investigated. To address this limitation,
two-phase Poiseuille flow and two-phase Couette flow are
simulated in this section to evaluate the performance of exist-
ing schemes under moving conditions. The interfacial velocity
slip phenomenon is observed during these simulations and a
detailed discussion is provided.

A. Coexistence densities under moving conditions

To investigate whether velocity affects the coexistence
densities, Table II presents a comparison of the coexis-
tence densities for various schemes. The parameters used
in the force schemes are consistent with those described in
Sec. III B. The stationary results are obtained by simulating
a one-dimensional flat plate, while the moving results are
obtained from two-phase Poiseuille flow simulations. The spe-
cific settings for the Poiseuille flow simulations are detailed in
Sec. IV B. For the McCracken-Abraham scheme, the operat-
ing temperature is set to 0.85Tc, while for the other schemes, it
is set to 0.70Tc. The results under both stationary and moving
conditions exhibit good agreement, indicating that velocity
has minimal effect on the coexistence densities.

B. Two-phase Poiseuille flow

Two-phase Poiseuille flow serves as an effective test
case for evaluating the applicability of force schemes under
moving conditions. A schematic diagram of the two-phase
Poiseuille flow is shown in Fig. 2(a). In this configuration,
a two-phase fluid flows between two parallel plates, driven by
a constant external force applied parallel to the plates. Due
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TABLE II. Coexistence densities under stationary and moving conditions.

Force scheme Stationary: ρgas Moving: ρgas Stationary: ρliq Moving: ρliq

Shan-Chen [11] 7.196 × 10−3 7.196 × 10−3 8.076 8.076
EDM [25] 7.196 × 10−3 7.196 × 10−3 8.076 8.076
McCracken-Abraham [24] 6.279 × 10−2 6.279 × 10−2 6.547 6.547
Li et al.’s MRT [27] 6.280 × 10−2 6.280 × 10−2 8.080 8.081
Huang-Wu [29] 6.281 × 10−2 6.281 × 10−2 8.081 8.081
ST-EOS [31] 5.916 × 10−2 5.916 × 10−2 8.080 8.080

to the viscosity difference between the liquid and gas phases,
the velocity profile deviates from the parabolic shape typically
observed in single-phase Poiseuille flow.

In this study, the computational domain size is consistent
with that described in Sec. III B. The external force Fext is
set to (0, 10−7)T and τ is fixed at 1. A periodic boundary
condition is applied in the y direction, while no-slip boundary
conditions are enforced at the left and right boundaries using
the Zou-He boundary scheme [46]. The convergence criterion
is defined as√∑Nx,Ny

i, j=1[uy(i, j, t ) − uy(i, j, t − δt )]2√∑Nx,Ny

i, j=1[uy(i, j, t − δt )]2
< 10−9, (33)

where i and j represent the lattice indices in the x and y
directions, respectively. For two-phase Poiseuille flow, the
governing equations [Eqs. (1a), (1b), and (2)] can be simpli-
fied to

∂

∂x

(
ρν

∂uy

∂x

)
= −Fext,y. (34)

The boundary conditions are given as uy(0, y) = 0 and
uy(Lx, y) = 0. In this study, Eq. (34) is solved using the for-
ward Euler method with a spatial step size of 0.1δx. The
density ρ(x) in Eq. (34) is obtained using cubic spline inter-
polation.

The velocity profiles for various density ratios are com-
pared in Fig. 3. The density field is initialized using Eq. (32).
For the Shan-Chen and EDM schemes, the temperature cor-
responding to a given density ratio is interpolated from the
coexistence curve. For other schemes, the temperature is de-
termined by the mechanical stability condition. As shown
in Figs. 3(a), 3(b), 3(d), and 3(e), the calculated velocity
profiles for the Shan-Chen, EDM, Li et al.’s MRT and Huang-
Wu schemes agree well with the analytical solutions when
ρliq/ρgas = 5. However, when ρliq/ρgas = 10, the calculated
velocity profile slightly exceeds the analytical solution in the
liquid region. At ρliq/ρgas = 100, significant discrepancies
arise in the liquid region, where the velocity profile steeply
rises at the liquid-gas interface, with the maximum velocity
occurring at this interface. The same trend is observed in
Fig. 3(f), but the overall deviation is relatively small. The
reason is that for ST-EOS model, the interface thickness is
always controlled at 10, which is relatively thick compared to
other models. This phenomenon, where the velocity sharply
changes at the liquid-gas interface, is referred to as interfa-
cial velocity slip. In contrast, for the McCracken-Abraham
scheme, the calculated velocity profiles are consistent with

the analytical solutions across all density ratios, as shown in
Fig. 3(c). The minor errors observed at high-density ratios are
attributed to the thin interface thickness. Table I summarizes
whether various schemes suffer from interfacial velocity slip.

The interface velocity slip phenomenon has been reported
in previous work [47,48]. In many cases, it has been either
overlooked or attributed to the effect of surface tension [47].
However, surface tension originates from the pressure tensor
which, as shown in Eq. (34), has no direct impact on the
velocity profile. This indicates that surface tension is not the
root cause of this issue. The underlying mechanism behind
interfacial velocity slip requires further in-depth investigation.

C. Two-phase Couette flow

Two-phase Couette flow is simulated to better capture in-
terfacial velocity slip and evaluate the applicability of the
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FIG. 3. Velocity profiles of two-phase Poiseuille flow for various
force schemes. The results for ρliq/ρgas = 100 are scaled by a factor
of 0.2.
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schemes under moving conditions. A schematic diagram of
the two-phase Couette flow is shown in Fig. 2(b). In this
configuration, the external force is set to zero. The left bound-
ary is treated as a no-slip wall, while the right boundary is
assigned a constant velocity. In this study, the velocity at the
right boundary is fixed at U = 0.01 in the y direction and 0
in the x direction. All other parameters are consistent with
those described in Sec. IV B. The Zou-He boundary scheme
[46] is employed to implement the constant velocity boundary
condition.

Unlike two-phase Poiseuille flow, the density field for two-
phase Couette flow is initialized as

ρ(x) = ρliq + ρgas

2
− ρliq − ρgas

2
tanh

2(|x − Lx| − Lx/2)

W
.

(35)
For Couette flow, the governing equations (1a) to (2) can be
simplified to

∂

∂x

(
ρν

∂uy

∂x

)
= 0. (36)

The boundary conditions are uy(0, y) = 0 and uy(Lx, y) = U .
A combination of the forward Euler and shooting methods is
used to solve Eq. (36).

The velocity profiles of two-phase Couette flow for various
force schemes are compared in Fig. 4. As shown in Figs. 4(a),
4(b), 4(d), and 4(e), the calculated results for the Shan-Chen,
EDM, Li et al.’s MRT, and Huang-Wu schemes show good
agreement with the analytical solutions when ρliq/ρgas = 5.
However, when ρliq/ρgas = 10, the calculated velocity profile
is slightly lower than the analytical solution in the gas region.
At ρliq/ρgas = 100, significant discrepancies are observed in
the gas region, where the velocity decreases steeply at the
liquid-gas interface, with the maximum velocity occurring
at the interface. This behavior is similar to that observed
in two-phase Poiseuille flow. Meanwhile, the same trend is
observed in Fig. 4(f) and the overall deviation is relatively
small. In contrast, the McCracken-Abraham scheme produces
a velocity profile consistent with the analytical solutions for
all density ratios, as shown in Fig. 4(c). Unlike other schemes,
the McCracken-Abraham scheme does not exhibit interfacial
velocity slip, providing more reliable results in comparison to
other schemes.

D. Discussion of the interfacial velocity slip mechanism

In this section, we explore the underlying causes of interfa-
cial velocity slip in detail, starting with the shear stress τu and
the reduced shear stress τ̂u, which are defined as

τ̂u = τu − τu,gas

τu,gas
, τu = ρν

∂uy

∂x
, (37)

where τu,gas denotes the shear stress in the gas region. For
Couette flow, Eq. (36) dictates that the shear stress remains
constant, while the reduced shear stress should be zero.

Figure 5 illustrates the variation of the reduced shear stress
for different density ratios. The simulation settings in Fig. 5
are the same as those in Fig. 4. By comparing Figs. 5(a), 5(b),
and 5(d)–5(f), it is observed that τ̂u oscillates at the liquid-
gas interface. Specifically, τ̂u is positive near the gas region
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FIG. 4. Velocity profiles of two-phase Couette flow for various
force schemes. Points represent the analytical solutions and solid
lines represent the calculated results.

and negative near the liquid region. Moreover, the oscillation
amplitude increases with the density ratio. This oscillatory be-
havior explains the occurrence of the maximum velocity at the
interface, as observed in Figs. 3 and 4. When the oscillation
exceeds 1, τ̂u becomes less than −1, indicating that the shear
stress is negative. This reversal in the shear stress leads to an
inverted velocity gradient, resulting in the maximum velocity
at the liquid-gas interface. In contrast, Fig. 5(c) shows that
the McCracken-Abraham scheme exhibits minimal oscilla-
tion, with the maximum value of τ̂u being approximately 0.2.
For comparison, the maximum value of τ̂u for the Huang-Wu
scheme exceeds 300. These findings indicate that the shear
stress oscillation is the intrinsic mechanism responsible for
interfacial velocity slip.

What causes the shear stress oscillation? From Figs. 1, 3,
and 4, it can be observed that the results of the Shan-Chen,
EDM, Li et al.’s MRT and Huang-Wu schemes exhibit similar
behavior. The similarity between the Shan-Chen and EDM
schemes can be explained by the fact that the Shan-Chen
scheme is equivalent to the EDM scheme when τ = 1. Huang
et al. [29,49] further pointed out that both the EDM and Li
et al.’s MRT schemes can be expressed in the form of the
Huang-Wu scheme. After mathematical derivation, the addi-
tional term in Li et al.’s MRT scheme, QLi

m , can be expressed
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as

QLi
m =

[
0, 12Gσ

|F̄pp|2
Gψ2

,−12Gσ
|F̄pp|2
Gψ2

, 0, 0, 0, 0, 0, 0

]
.

(38)
The additional term in the EDM scheme given by Huang et al.
[29,49] is expressed as

QEDM
m =

[
0,

3

4

|F̄pp|2
ρδ2

t
,−3

4

|F̄pp|2
ρδ2

t
, 0, 0, 0, 0,

1

4

(
F̄ 2

pp,x − F̄ 2
pp,y

)
ρδ2

t
,

1

4

F̄pp,xF̄pp,y

ρδ2
t

]T

. (39)

By comparing Eqs. (29) and (38), it can be seen that Li
et al.’s scheme is a special case of the Huang-Wu scheme with
k1 = 0 and k2 = 2Gσ . Similarly, by comparing Eqs. (29) and
(39), the EDM scheme is identified as a variant of the Huang-
Wu scheme with k1 = 1/4 and k2 = 0. Additionally, ψ2 in
Eq. (29) is replaced by ρδ2

t , which explains the appearance
of the term ψ2/ρ in the ε for EDM scheme. Moreover, the
ST-EOS model also includes the additional term �Qm in the

collision step. The only difference between the Huang-Wu
and McCracken-Abraham schemes lies in the additional term.
Thus, the additional term �Qm plays a crucial role in the
observed interfacial velocity slip and shear stress oscillation.

To investigate the origin of interfacial velocity slip result-
ing from Qm, we first need to examine the CE expansion of the
McCracken-Abraham scheme. Begin by performing a Taylor
expansion of Eq. (15):

δt Di fi + δ2
t

2
(Di)

2 fi + O
(
δ3

t

) = f ∗
i (x, t ), (40)

where Di = (∂t + ei · ∇). Next, consider Eq. (23), we convert
Eq. (40) to momentum space:

Dm + δt

2
(D)2m + O

(
δ2

t

) = −�

δt
(m − meq) +

(
I − �

2

)
F,

(41)
where D = I∂t + M[diag(e0 · ∇, . . . , e8 · ∇)]M−1. For the
CE expansion, the following rules apply:

∂t =
+∞∑
n=1

εn∂tn, ∇ = ε∇1, f =
+∞∑
n=0

εnf (n), F = εF (1),

(42)
where ε is the small expansion parameter. The following equa-
tions can be derived from Eq. (42):

m =
+∞∑
n=0

εnm(n), Fm = εFm
(1). (43)

Substituting Eqs. (42) and (43) into Eq. (41) and comparing
the order of ε yields

ε0 : m(0) = meq, (44a)

ε1 : D1m(0) − F(1)
m = −�

δt

(
m(1) + δt

2
F(1)

m

)
, (44b)

ε2 : ∂t2m0 + D1m(1) + δt

2
D2

1m(0) = −�

δt
m(2), (44c)

where D1 = I∂t1 + M[diag(e0 · ∇1, . . . , e8 · ∇1)]M−1. Equa-
tion (44c) can be simplified using Eq. (44b):

ε2 : ∂t2m(0) + D1

(
I − �

2

)(
m(1) + δt

2
F(1)

m

)
= −�

δt
m(2).

(45)
Combining Eqs. (16) and (22) gives m0 = ρ, m3 = ρūx −

δt F̄x/2 and m5 = ρūy − δt F̄y/2. Therefore, the following
equations can be derived from Eq. (44a):

m(1)
0 + δt

2 F (1)
m0 = 0, m(n)

0 = 0(∀n � 2), (46a)

m(1)
3 + δt

2 F (1)
m3 = 0, m(n)

3 = 0(∀n � 2), (46b)

m(1)
5 + δt

2 F (1)
m5 = 0, m(n)

5 = 0(∀n � 2). (46c)

Considering Eqs. (26) and (46), expanding the zeroth, third,
and fifth components of Eq. (44b) yields

∂t1ρ + ∂x1(ρux ) + ∂y1(ρuy) = 0, (47a)

∂t1(ρux ) + ∂x1
(
ρu2

x

) + ∂y1(ρuxuy) = −∂x1
(
ρc2

s

) + F (1)
x , (47b)

∂t1(ρuy) + ∂x1(ρuxuy) + ∂y1
(
ρu2

y

) = −∂y1
(
ρc2

s

) + F (1)
y . (47c)

025312-9



HOU, JIANG, MA, AND HUANG PHYSICAL REVIEW E 112, 025312 (2025)

Similarly, expanding the zerord, third, and fifth components of Eq. (45) yields

∂t2m(0)
0 + ∂t1m̄(1)

0 + c∂x1m̄(1)
3 + c∂y1m̄(1)

5 = 0, (48a)

∂t2m(0)
3 + ∂t1m̄(1)

3 + c∂x1
(

2
3 m̄(1)

0 + 1
6 m̄(1)

1 + 1
2 m̄(1)

7

) + c∂y1m̄(1)
8 = 0, (48b)

∂t2m(0)
5 + ∂t1m̄(1)

5 + c∂x1m̄(1)
8 + c∂y1

(
2
3 m̄(1)

0 + 1
6 m̄(1)

1 − 1
2 m̄(1)

7

) = 0, (48c)

where m̄(1)
i = [1 − 1/(2τi )](m

(1)
i + δt F

(1)
mi )/2. Here, τi represents the ith component of �. Equation (46) indicates that m(1)

0 =
m(1)

3 = m(1)
5 = 0. The components m(1)

1 , m(1)
7 and m(1)

8 can be derived from Eq. (44b), yielding the following equations:

− 1

δtτ1

(
m(1)

1 + δt
2 F (1)

m1

) ≈ 2ρ∂x1ux + 2ρ∂y1uy, (49a)

− 1

δtτ7

(
m(1)

7 + δt
2 F (1)

m7

) ≈ 2

3
ρ∂x1ūx − 2

3
ρ∂y1(ūy), (49b)

− 1

δtτ8

(
m(1)

8 + δt
2 F (1)

m8

) ≈ 1

3
ρ∂x1(ūy) + 1

3
ρ∂y1(ūx ), (49c)

where “≈” denotes the neglect of the cubic term in the velocity. Substituting Eq. (49) into Eq. (48) yields

∂t2ρ = 0, (50a)

∂t2(ρux ) = ∂x1[η(∂x1ux − ∂y1uy) + ξ (∂x1ux + ∂y1uy)] + ∂y1[η(∂y1ux + ∂x1uy)], (50b)

∂t2(ρuy) = ∂x1[η(∂x1uy + ∂y1ux )] + ∂y1[η(∂y1uy − ∂x1ux ) + ξ (∂x1ux + ∂y1uy)], (50c)

where η = ρc2
s δt (τν − 1/2) and ξ = ρc2

s δt (τξ − 1/2). Combining Eqs. (47) and (50), we obtained the macroscopic equations for
the McCracken-Abraham scheme:

∂tρ + ∇ · (ρu) = 0, (51a)

∂t (ρu) + ∇ · (ρuu) = −∇p + F + ∇{η[∇u + (∇u)T − (∇ · u)I]} + ∇(ξ∇ · u). (51b)

When τξ and τν are equal, the macroscopic equations of
McCracken-Abraham scheme become identical to those of
Guo et al.’s scheme [23].

From the above analysis, it is evident that lower-order
ε terms are used when deriving the macroscopic equa-
tions for higher-order ε terms. For instance, Eq. (44a) is
utilized to simplify Eq. (44b), while Eq. (44b) is used to
simplify Eq. (44c) and to derive m(1)

1 , m(1)
7 and m(1)

8 , which
play a crucial role in the second-order macroscopic equa-
tions. It is observed that the additional term in Eq. (29)
is a second-order ε terms. The zeroth, third, fourth, fifth,
and sixth components are constrained to zero due to mass
and momentum conservation. Consequently, Qm does not
influence the second-order macroscopic equations, i.e., the
Navier-Stokes equations. However, Qm introduces additional
terms into the third-order macroscopic equations. Previous
studies have achieved thermodynamic consistency using these
additional terms [28,29,44]. However, these studies only con-
sidered terms unrelated to velocity and time. To the best of
our knowledge, no third- or fourth-order CE analysis has been
performed on any force scheme without simplifications. All
existing analyses rely on steady-state and stationary assump-
tions to simplify high-order CE analysis, ignoring additional
terms related to time derivatives and velocity.

We hypothesize that Qm introduces a third-order ε term
related to force and velocity. For the Shan-Chen scheme,
the conjectured additional term in the y-momentum equa-
tion takes the form ∂x[C1∂x(Fxuyuy)], which is a third-order ε

term. Figure 6(a) compares τu − τu,gas and C1∂x(Fxuyuy). It is
evident that, when the constant C1 is set to 2, both trends show
good agreement. The strong correlations observed in Fig. 6
support our hypothesis that the third-order ε term related to
force and velocity is the underlying cause of shear stress
oscillation and interfacial velocity slip.

It is important to emphasize that the additional terms
shown in Fig. 6 are conjectural. The actual additional terms
can be derived through a third-order CE expansion. However,
performing high-order CE analysis on a force scheme without
simplifications is extremely challenging, and to date, no such
analysis has been conducted. Only a few higher-order CE
analyses have been conducted for simpler models, such as
the Cahn-Hilliard equation [50] and the D2Q9-MRT model
without a force scheme [51]. It has been observed that the
error terms causing the shear stress oscillation appear to be
independent of time. This raises the question of whether
steady-state assumptions could be adopted to simplify the
analysis. Unfortunately, steady CE analysis is only valid un-
der incompressible conditions [39]. Silva and Semião [52]
conducted fourth-order steady CE analyses on the D3Q15,
D3Q19 and D3Q27 models. Their results indicate that the
stress tensor obtained from steady CE analysis is given by
� = ν[∇(ρu) + ∇(ρu)T], which is valid only when ρ is
constant. However, the compressibility of the LB model is
precisely what the pseudopotential model exploits. As a result,
applying steady CE analysis to a force scheme would lead to
erroneous conclusions.
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FIG. 6. Variation of τu − τu,gas and conjectured additional term
C1∂x (Fxuyuy ) for two-phase Couette flow, where C1 is taken as 2. The
force scheme is Shan-Chen scheme and the density ratio is 10.

V. NEW PSEUDOPOTENTIAL FORCE FOR ELIMINATING
INTERFACIAL VELOCITY SLIP

How can a pseudopotential model be developed to adjust
coexistence densities while eliminating interfacial velocity
slip? Theoretically, a third-order analysis could be applied to
the McCracken-Abraham scheme, allowing for the selection
of an appropriate Qm to adjust the coexistence densities. How-
ever, this approach is a mathematical problem rather than a
physical one and is inherently complex. Therefore, we have
chosen not to address the problem in this manner.

Instead, two promising schemes can be considered: Guo
et al.’s scheme and the McCracken-Abraham scheme. Huang
and Wu [29] conducted a third-order CE analysis on the
McCracken-Abraham scheme and found that the additional
term for this scheme can be expressed as

Riso = δ2
x

12
∇ · ∇F. (52)

The same result was derived by Wu et al. [38]. Although their
analysis also relied on steady-state and stationary assump-
tions, the numerical results presented in Figs. 3–5 suggest that
Riso is the only additional term for the McCracken-Abraham
scheme. This is an encouraging finding.

A. Introduction to our model

The coexistence densities are inherently related to the pres-
sure tensor, which is governed by the pseudopotential force.
Therefore, the coexistence densities can be adjusted via mod-
ifications to the pseudopotential force. For instance, consider
the term ∇ψ · ∇ψ from the pressure tensor [Eq. (9)]; the cor-
responding force is given by ∇(∇ψ · ∇ψ ). It is evident that
this term cannot be explicitly discretized in two-dimensional
cases using a nine-point stencil. The same issue arises for
other components of the pressure tensor. Fortunately, the

following identity is observed:

2∇2ψ∇ψ = ∇ · [2∇ψ∇ψ − (∇ψ · ∇ψ )I]. (53)

The left-hand side of Eq. (53) can be explicitly discretized
using a nine-point stencil in two-dimensional cases. Based on
this identity, we propose a new pseudopotential force:

Fnew(x) = −Gψ∇̃ψ − 2γ ∇̃2ψ∇̃ψ, (54)

where

∇̃ψ = 1

δx

∑
i

wiψ (x + eiδt )
ei

c
, (55a)

∇̃2ψ = 2

δ2
x

∑
i

wi[ψ (x + eiδt ) − ψ (x)]. (55b)

Here, γ is a parameter used to adjust the liquid-gas coexis-
tence densities, wi represents w(|ei/c|2). ∇̃ψ and ∇̃2ψ are
the discrete forms of ∇ψ and ∇2ψ , respectively. Taylor ex-
pansion of Eq. (54) at poistion x yields

Fnew = −Gψ∇ψ − κnewψ∇∇ · ∇ψ − 2γ∇2ψ∇ψ. (56)

Here, κnew = Gδ2
x /6 and higher-order terms of O(∇5) are ne-

glected. When Guo et al.’s and McCracken-Abraham schemes
are employed and considering the error term Riso, the actual
pseudopotential force in our model is expressed as

Four = Fnew + Riso

= − Gψ∇ψ − κnewψ∇∇ · ∇ψ

− 2γ∇2ψ∇ψ − κnew

4
∇ · ∇∇ψ2. (57)

The following equation holds [29]:

∇∇ · ∇ψ2 = 2∇ · [b1(∇ψ∇ψ + ψ∇∇ψ )

+ b2(∇ψ · ∇ψ + ψ∇2ψ )I]. (58)

The free parameters b1 and b2 satisfy the condition b1 + b2 =
1. Considering Eqs. (7), (53), and (58), the corresponding
pressure tensor of our pseudopotentia force is given as fol-
lows:

Pour = G

2
ψ2I + κnew

2
{[b2∇ψ · ∇ψ + b2ψ∇2ψ]I

+ b1∇ψ∇ψ + b1ψ∇∇ψ} + κnew{[a3∇ψ · ∇ψ

+ a4ψ∇2ψ]I + a1∇ψ∇ψ + a2ψ∇∇ψ}
+ [−γ∇ψ · ∇ψ]I + 2γ∇ψ∇ψ. (59)

The total pressure tensor is given by P = pLBEI + Pour. At
this stage, the pseudopotential needs to satisfy the following
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FIG. 7. Coexistence densities of our model for (a) ε = 2 and (b) ε = 1.5.

form:

ψ =
√

2
(
pnew

EOS − pLBE
)

G
, (60)

where pnew
EOS = kpEOS. The parameter k can be used to

adjust the liquid-gas interface thickness [35,36]. For a one-
dimensional flat plate problem, the normal pressure is given
as follows:

Pn = pnew
EOS + κnew

2

[
2γ

κnew

(
dψ

dx

)2

+ 3ψ
d2ψ

dx2

]
. (61)

Referring to Appendix A in Ref. [27], Eq. (11) can be rewrit-
ten as

(Pn − pEOS)
ψ ′

ψ1+ε
= 3κpp

4

d

dρ

[
(ψ ′)2

ψε

(
dρ

dx

)2
]
. (62)

Here, the parameter ε for our model is

ε = − 4γ

3κnew
= − 8γ

Gδ2
x

. (63)

The density profiles can also be derived from Eq. (62). Inte-
grating Eq. (62) from ρgas to ρ, we obtain(

dρ

dx

)2

= 4ψε

3κpp(ψ ′)2

∫ ρ

ρgas

(pEOS − Pn)
ψ ′

ψ1+ε
dρ. (64)

In this study, the density profile is computed by solving
Eq. (64) using the forward Euler method with a sufficiently
small spatial step.

Compared with other models that satisfy thermodynamic
consistency, our model has the following advantages:

(i) Switch easily between SRT and MRT
The MRT model is well-known for its superior numerical

stability compared to the SRT model, which, in contrast,
offers advantages in computational simplicity and ease of
implementation. Although other models can be derived by
the space transformation to produce the corresponding SRT
or MRT versions, but the derivation process is still necessary.
Therefore, Huang-Wu scheme and ST-EOS model still lacks

their SRT versions. In contrast, our model introduces changes
only to the pseudopotential force, allowing seamless compat-
ibility with both the SRT (Guo et al.’s scheme) and MRT
(McCracken-Abraham scheme) models without requiring ad-
ditional adjustments. Meanwhile, theoretically our model can
also be easily extended to advanced central moment models
[53]. It is sufficient to implant the proposed pseudopotential
force into the corresponding central moment model [54] of
the Guo et al.’s force scheme. The related work will be done
in the future.

(ii) Clear physical interpretation
In our model, the coexistence densities are adjustable

through modifications to the pressure tensor, which is de-
termined by the pseudopotential force. By incorporating
an additional term, 2γ ∇̃2ψ∇̃ψ , into the pseudopotential
force, We can effectively adjust the coexistence densities
to achieve thermodynamic consistency. This adjustment pro-
vides a clearer and more intuitive physical interpretation
compared to other models that satisfy thermodynamic con-
sistency. From Eqs. (21), (28), and (29), it can be found that
the corrections to Guo et al’s scheme or McCracken-Abraham
scheme in these schemes are unfavorable for understanding.

(iii) Adjustable coexistence densities with no interfacial
velocity slip

Most existing models [11,25–27,29,31] suffer from inter-
facial velocity slip. While other models [23,24] do not satisfy
thermodynamic consistency. Our model overcomes these lim-
itations by enabling the adjustment of coexistence densities
while eliminating interfacial velocity slip. This feature repre-
sents a significant advancement and a key advantage of our
model.

Although the models proposed by previous researchers
have certain limitations, their work and ideas form the foun-
dation of our model. We deeply appreciate their contributions
in advancing pseudopotential models.

B. Coexistence densities and interface thickness

Figure 7 illustrates the coexistence densities of our model.
In this section, the domain length Lx is a function of k, given
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by Lx = 200/
√

k, and the initial interface thickness Winit also
varies with k, expressed as Winit = 5/

√
k. Other parameters

are consistent with those described in Sec. III B. The results
show that k influences the coexistence densities, particularly
the gas density, which decreases as k reduces, while the
effect on the liquid density is relatively minor. Additionally, a
larger density ratio is achieved as k decreases. For instance, at
k = 1, the maximum density ratio obtained from the LBM is
around 102, but when k = 0.01, this ratio easily reaches 104.
This phenomenon can be attributed to the increase in interface
thickness as k decreases, a trend that has been reported in
previous studies [27,31,35–37]. However, the underlying
physical mechanism behind the interface thickening remains
unclear.

It can be observed that the nature of decreasing k cor-
responds to a decrease in pressure. However, the pressure
in physical units does not change. To better understand the
physical mechanism behind the interface thickening, we
perform a unit conversion. As is well known, the conver-
sion between lattice units and physical units satisfies Lphys =
Lconv · Llatt, Mphys = Mconv · Mlatt, Tphys = Tconv · Tlatt,
where L represents length, M represents mass, T represents
time, ‘phys’ refers to physical units, ‘latt’ refers to lattice
units and ‘conv’ refers to the conversion coefficient. Using
density, pressure, and kinematic viscosity as basic parameters,
the following equations can be derived:

ρconv = ρphys/ρlatt = Mconv/L3
conv,

pconv = pphys/platt = Mconv/
(
LconvT2

conv

)
, (65)

νconv = νphys/νlatt = L2
conv/Tconv.

Solving Eq. (65) yields

Lconv =
√

ρconvν2
conv

pconv
,

Tconv = ρconvνconv

pconv
, (66)

Mconv = ρ2.5
convν

3
conv

p1.5
conv

.

When k is introduced, pconv is replaced by pconv/k. Conse-
quently, the following equations hold:

Lk
conv =

√
k Lconv, Tk

conv = k Tconv, Mk
conv = k1.5 Mconv.

(67)
Here, the superscript k denotes the conversion coefficient con-
sidering k. From Eq. (67), it is evident that when using pnew

EOS,
the spatial step δx in physical units becomes

√
k times the

spatial step used with pEOS. As a result, the interface thickness
in lattice units increases as k decreases.

Figure 8 shows the variations of ρ and ∂xρ/
√

k with x/
√

k.
It can be observed that as k decreases, the number of lattice
points in the interface increases, while the interface thickness
in physical units remains largely unchanged. These results in-
dicate that k primarily affects the interface thickness in lattice
units, while the thickness in physical units remains constant.
The effect of k is essentially equivalent to multiplying the
spatial step in physical units by

√
k. This conclusion explains

the findings of Li et al. [27], where the interface thickness is
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k with x
√

k. Circle points rep-
resent the calculated results of ρ. Solid lines represent the analytical
solutions of ρ. Dash-dotted lines represent the coexistence densities
given by Maxwell construction. Dashed lines represent the analytical
solutions of ∂xρ/

√
k. Square points represent the calculated results of

∂xρ/
√

k. ε is taken as 2.

shown to be proportional to 1/
√

a. In the context of the C-S
EOS, the parameter a has an effect equivalent to that of k. Fur-
thermore, Fig. 8 also reveals that ∂xρ/

√
k becomes narrower

and taller as k decreases, which leads to larger errors and
ultimately results in computational dispersion. This behavior
explains why achieving large density ratios is particularly
challenging.

It is worth noting that in Figs. 7 and 8, the coexistence
densities for ε = 2 show better agreement with the Maxwell
construction as k decreases. Previous studies have indicated
that the optimal value of ε is approximately 2. For instance,
the best-fitting ε in Fig. 1 is 1.8, while Li et al. report optimal
values of 1.68 [26] and 1.76 [27]. Huang and Wu [29] also ob-
served that ε = 2 provides good agreement with the Maxwell
construction. This phenomenon can be explained by taking
the limit of Eq. (13) as k → 0. When k → 0, the following
relations are obtained (with G = −1):

lim
k→0

ψ =
√

2ρc2
s , lim

k→0
ψ ′ = c2

s√
2ρc2

s

. (68)

Substituting Eq. (68) into Eq. (13) yields∫ ρliq

ρgas

(Pn − pEOS)
1

ρ (2+ε)/2
dρ = 0. (69)

By comparing Eq. (69) with Eq. (5), it is clear that when ε =
2, the two equations are equivalent. This explains the good
agreement between the results for ε = 2 and the Maxwell
construction. To facilitate comparison, we define Diffgas and
Diffliq to quantify the difference between the coexistence
densities and those given by the Maxwell construction:

Diffgas = ρgas − ρMax
gas

ρMax
gas

, Diffliq = ρliq − ρMax
liq

ρMax
liq

, (70)

where ρMax
gas and ρMax

liq represent the gas and liquid densities,
respectively, as given by the Maxwell construction. Figure 9
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FIG. 9. Variations of (a) Diffgas and (b) Diffliq with k for ε = 2.

shows the variations of Diffgas and Diffliq with k for ε = 2.
The results indicate that Diffgas and Diffliq are always positive,
suggesting that the coexistence densities for ε = 2 are consis-
tently higher than those given by the Maxwell construction.
This explains why the best-fitting ε is typically lower than 2.
As shown in Fig. 7, the gas density decreases as ε decreases,
which can counteract the effect of pEOS > 0. Moreover, the
error between the LBM results and the mechanical stability
becomes smaller as k decreases, consistent with the findings in
Figs. 7 and 8. Additionally, both Diffgas and Diffliq gradually
converge to 0 as k decreases, which aligns with the conclusion
drawn from taking the limit.

C. Qm corresponding to our model

As discussed at the beginning of Sec. V, we can perform a
third-order analysis on the McCracken-Abraham scheme and
select an appropriate Qm to adjust the coexistence densities.
However, instead of following this approach, we propose a
new pseudopotential force. Interestingly, the additional term
in our new pseudopotential force can also be represented
by �Qm. If we take the pseudopotential force as Fnew =
−Gψ∇̃ψ , which is the original pseudopotential force, then
the additional term in our model can be expressed as

Fadd = −2γ ∇̃2ψ∇̃ψ = 2γ ∇̃2ψ
Fnew

Gψ
. (71)

The corresponding �Qm can be obtained by substituting Eq. (71) into Eq. (23):

Qour
m = 2δtγ ∇̃2ψ

(
�−1 − 1

2

)
[0, Qm1, Qm2, Qm3, Qm4, Qm5, Qm6, Qm7, Qm8]T, (72)

where �−1 is the inverse matrix of � and the components Qmi are given by

Qm1 = 6F̄pp · ū
Gψ

, Qm2 = −6F̄pp · ū
Gψ

, Qm3 = F̄pp,x

Gψ
, Qm4 = − F̄pp,x

Gψ
, Qm5 = F̄pp,y

Gψ
,

Qm6 = − F̄pp,y

Gψ
, Qm7 = 2(F̄pp,xūx − F̄pp,yūy)

Gψ
, Qm8 = (F̄pp,xūy + F̄pp,yūx )

Gψ
. (73)

Equations (72) and (73) provide the corresponding ad-
ditional term Qm in our model. Although a third-order CE
analysis was not conducted, the appropriate Qm is still derived
in this manner.

VI. MODEL VALIDATION

In this section, we thoroughly validate the applicability
of our model under transient and moving conditions and
analyze the accuracy of our pseudopotential model in simu-
lating two-phase flows. It is well-established that the LBM
exhibits second-order accuracy in simulating single-phase
fluids [39]. However, the accuracy of the pseudopotential
model in simulating two-phase flow has been less frequently

reported. Among the few studies that do address this, some
focus on simulating single-phase flow to evaluate the model’s
accuracy [22,45], while others compare coexistence densities
[22,55,56] or surface tensions [57] of a stationary droplet for
various sizes as accuracy indicators. The former primarily re-
flects the accuracy of the model in single-phase flow, while the
latter evaluates the influence of surface tension on coexistence
density. Clearly, neither approach fully captures the model’s
accuracy in simulating two-phase flows, particularly under
transient and moving conditions.

To address this gap, we conducted simulations of two-
phase Couette flow and two-phase Poiseuille flow for various
values of k. These simulations not only validate the applica-
bility of our model under transient and moving conditions,
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but also demonstrate that our model achieves second-order
accuracy in simulating two-phase flows. To the best of our
knowledge, this is the first report on the accuracy of the pseu-
dopotential model in simulating two-phase flows. In addition,
please see Supplemental Material [58] for the model codes.

A. Accuracy of coexistence densities

The coexistence densities have been discussed in detail.
This section focuses on the accuracy of our model in pre-
dicting the coexistence densities. The simulation settings are
consistent with those in Sec. V B. As shown in Fig. 7, the dif-
ference between the LBM results and the mechanical stability
for the gas phase is greater than that for the liquid phase.
Therefore, we use the error in the gas density to quantify
the error of our pseudopotential model. The error in the gas
density Erρgas is defined as

Erρgas = ∣∣ρLBM
gas − ρMech

gas

∣∣/ρMech
gas , (74)

where ρLBM
gas is the gas density calculated by LBM and ρMech

gas
is the gas density given by the mechanical stability. The pa-
rameter ε is taken as 2.

Equation (67) demonstrates that the effect of k is equivalent
to changing δx to

√
kδx. Thus, we can analyze the variation of

Erρgas with
√

k to assess the accuracy of our pseudopotential

model. The corresponding results are shown in Fig. 10. The
slope is obtained by fitting lg(Eru) = c1 lg(

√
k) + c2 to the

data, where c1 is the slope and c2 is the intercept. It can be
observed that the best-fit slope of the results is consistently
around 2, indicating that our pseudopotential model exhibits
second-order accuracy. Additionally, it can be seen that the
error increases as the temperature decreases for a given k. This
is because the interface thickness decreases as the temperature
decreases, as shown in Fig. 8. The reduction in interface
thickness leads to larger errors.

B. Two-phase Couette and Poiseuille Flow

The success of our model in eliminating interfacial velocity
slip is validated by simulating two-phase Couette flow. In
this section, the calculated domain length is taken as 50/

√
k,

with ε set to 2. The other simulation settings are consistent
with those in Sec. IV C. Figure 11 compares the variations
in velocity profiles and reduced shear stress with x for var-
ious temperatures, with k = 1. The density ratios given by
the Maxwell construction for the temperatures T = 0.948Tc,
T = 0.901Tc, and T = 0.725Tc are 5.03, 10.04, and 100.34,
respectively. Thus. these temperatures were chosen for the
calculations. The results show that the velocity profiles agree
well with the analytical solutions. For T/Tc = 0.725, there is
no apparent difference between the calculated results and the
analytical solutions. The shear stress oscillation in our model
is of the same order of magnitude as that of the McCracken-
Abraham scheme, with both being much smaller than those
from other schemes.

We use Eru to characterize the velocity error of our model.
Eru is defined as follows:

Eru =
√∑

i, j [τ̂u(i, j)]2

NxNy
. (75)

Figure 12 shows the variation of Eru with
√

k for various tem-
peratures. The results demonstrate that the best-fit slopes are
around 2, further indicating that our model exhibits second-
order accuracy. It can be observed that the slopes are slightly
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FIG. 11. (a) Velocity profiles of two-phase Couette flow for various temperatures. Points represent the analytical solutions and solid lines
represent the calculated results. (b) Reduced shear stress for various temperatures. Connect points with lines for visual enhancement. The green
line and rhombus points correspond to T/Tc = 0.948. The red line and square points correspond to T/Tc = 0.901. The blue line and circle
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less than 2 and that the bias increases as the temperature
decreases. This is because the coexistence densities vary with
k and this variation increases as the temperature decreases,
as shown in Figs. 7 and 8. Figure 12 also shows that the
error increases as the temperature decreases for a given k,
consistent with the results in Fig. 10. This is because the
interface thickness decreases with temperature, which leads
to larger errors. By compariing Figs. 3 and 4, we find that
increasing the interface thickness weakens the interface veloc-
ity slip. A similar phenomenon has also been discussed in the
color gradient model [59]. Therefore, it is necessary to com-
pare our model’s behavior with other models under identical
interface thicknesses. We take Li et al.’s MRT scheme and
the Huang-Wu scheme as examples. The two-phase Couette
flow was simulated for comparison. In the comparison, all
physical property parameters and initialization methods were
identical. The specific physical property values are k = 0.25,
ε = 2, T = 0.7Tc, τ = 0.8; the velocity of the right wall U
is 0.01; initialization is carried out according to Eq. (35)
with W = 5; and the computational domain size is 200 × 3.
Figure 13(a) compares the density profiles from different
models. It shows that the density profiles of all three agree
well with the analytical solutions and possess very similar
interface thicknesses. Figure 13(b) shows the velocity profiles
of the different models. Since k in this example is set to 0.25,
the interface is thickened. Compared to Fig. 4, the interfacial
velocity slip is suppressed. The degree of slip is close to that of
the ST-EOS model in Fig. 4(f), but it remains clearly evident.

However, our model exhibits no interface velocity slip. This
fully demonstrates the advantages of our model.

Figure 13(a) also reveals that the gas density predicted
by our model shows a greater deviation from the analytical
solution than the other two force schemes. Specifically, our
model yields a gas-phase density of 6.89 × 10−2, compared
to 6.37 × 10−2 for Li et al.’s force scheme and 6.37 × 10−2

for the Huang-Wu scheme. The analytical solution is 6.10 ×
10−2, indicating our model indeed exhibits a relatively large
deviation. This discrepancy accounts for why, as depicted
in Fig. 7, the predicted gas-phase density of our model at
T = 0.7Tc exhibits a significant deviation from mechanical
stability with the negligible deviations observed in Li et al.’s
MRT and Huang-Wu schemes (as illustrated in Fig. 1).We
speculate that this discrepancy could be attributed to the rel-
atively larger coefficient of the fifth-order term in our model
compared to other models. This aspect merits detailed future
investigation.

Additionally, we evaluated the stability of our model for
this case in Fig. 13. By adjusting the dimensionless relaxation
time τ , we determined the critical stability threshold. The re-
sults demonstrate that all three models converge successfully
at τ = 0.5130(ν = 1/230) but diverge at τ = 0.5125(ν =
1/240), indicating comparable stability across the models.
The newly added terms enhance the stability of McCracken-
Abraham scheme to a level comparable with Li et al.’s and
Huang-Wu schemes.

Two-phase Poiseuille flow is also simulated to further val-
idate our model. The parameter k is set to 0.25 and τ is
taken as 1.5. Other settings in this section remain the same
as those in Sec. IV B. Figure 14 shows the velocity profiles
for two-phase Poiseuille flow. The results demonstrate excel-
lent agreement with the analytical solutions across all density
ratios. Our model successfully eliminates interfacial velocity
while adjusting the coexistence densities.

C. Young-Laplace equation

For a stationary droplet, the pressure inside the droplet
is greater than the pressure outside due to the effect of sur-
face tension. The pressure difference across the liquid-gas
interface can be calculated using the Young-Laplace equation
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FIG. 13. (a) Comparison of density profiles of different models. (b) Comparison of two-phase Couette flow velocity profiles of different
models.
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FIG. 14. Velocity profiles of two-phase Poiseuille flows for ε =
2. Points represent the analytical solutions and the solid lines repre-
sent the calculated results. The results for ρliq/ρgas = 100 are scaled
by a factor of 0.2.

�p = pliq − pgas = σlg/R, where R represents the droplet ra-
dius and σlg is the surface tension. The surface tension can be
derived from pressure tensor P using the following formula:

σlg =
∫ +∞

−∞
(Pxx − Pyy)dx

= (2γ − κnew)
∫ ρliq

ρgas

[(
dψ

dρ

)2 dρ

dx

]
dρ. (76)

In this section, the calculated domain size is Lx × Ly =
200 × 200. The parameters k is set to 1 and τ is set to 1.5. The
density field of the stationary droplet is initialized as follows:

ρ(x) = ρliq + ρgas

2
− ρliq − ρgas

2
tanh

2(|x − xc| − Rinit )

Winit
,

(77)
where xc = [Lx/2, Ly/2] represents the center position of the
domain and Rinit is the initial radius of the droplet. In this
work, the contour line for ρ = (ρliq + ρgas)/2 is fitted using
the circle formula and the best-fit radius is considered the
droplet radius R. Figure 15 shows the variations of �p with
1/R. The surface tensor σlg calculated by Eq. (76) has been
labeled in Fig. 15. It can be seen that �p and 1/R satisfy a
good linear relationship and the calculated results are in good
agreement with the analytical solutions, further validating our
model.

0.00 0.01 0.02 0.03 0.04 0.05

1/R

0.000

0.002

0.004

0.006

0.008

0.010

Δ
p

ε = 1.5, T/Tc = 0.90
Δp = 0.1416/R

ε = 1.5, T/Tc = 0.85
Δp = 0.2500/R

ε = 2, T/Tc = 0.90
Δp = 0.1666/R

FIG. 15. Variations of �p with 1/R. Points represent the results
from LBM and the lines represent the analytical solutions. The same
color corresponds to the same parameter settings.

D. Transient flows

The above validations focus on steady-state cases; how-
ever, the applicability of our model under transient conditions
has yet to be validated. Since few analytical solutions exist
for transient two-phase flow, we compare the transient results
of our model with those obtained using the VOF method [6].
For simulating transient two-phase Couette flow, the right
boundary is initially set as a no-slip wall. Once the conver-
gence condition from Eq. (31) is satisfied, a constant velocity
boundary condition is applied to the right boundary and time-
keeping begins. A similar procedure is followed for two-phase
Poiseuille flow. In this section, we set τ = 1, k = 1, ε = 2,
and T = 0.8Tc. The coexistence densities calculated by our
model are ρgas = 0.247 and ρliq = 7.211, which are then used
as the gas and liquid densities for the calculations using the
VOF method.

Since the VOF method is not the focus of this work, details
of this method can be found in Refs. [5,6]. VOF simulations
are performed using ANSYS Fluent software with 10 itera-
tions per time step and the velocity residuals were reduced to
10−6 per time step. Other parameters are kept consistent with
the LB simulations. In contrast to LBM, the VOF method is
a sharp-interface method. Therefore, some bias in the density
profile between the two methods is inevitable, as shown in
Figs. 16(a) and 16(b). This bias results in discrepancies in the
velocity profiles.

Figure 16(c) shows a comparison of the velocity profiles
for Couette flow calculated by LBM and VOF. The results
indicate that the LBM results agree well with those from the
VOF method. Initially, there is no noticeable bias between
the two methods. However, as the velocity diffuses toward
the interface, some bias appears near the interface, which can
be attributed to the density profile bias. The comparison of
Poiseuille flow velocity profiles is shown in Fig. 16(d). Both
methods exhibit good agreement, with the velocity bias in
the liquid region being smaller than in the gas region. Since
Poiseuille flow involves two interfaces, whereas Couette flow
has only one, the effect of the density profile bias is more
pronounced in Poiseuille flow than in Couette flow. Overall,
the results from both our model and the VOF method show
good agreement, with no nonphysical phenomena such as in-
terfacial velocity slip in our model. These results fully validate
the applicability of our model under transient and moving
conditions.

E. Droplet splashing

Droplet splashing on thin liquid films is widely used to
validate pseudopotential models [27,45]. For this simulation,
a 1000 × 250 computational domain is employed. Nonslip
boundaries at the top and bottom are implemented using the
Zou-He scheme, while periodic boundaries are applied to the
left and right sides. The parameters are set to k = 0.25, ε = 2,
with an operating temperature of 0.7Tc. At this temperature,
the liquid density is 8.0807 and the gas density is 0.0609. Ini-
tially, a droplet of diameter D = 100 is positioned at the center
with initial velocity u = (0,−0.1). A liquid film of thick-
ness 25 covers the lower wall. We define ts = (t − t0)|u|/D,
where t0 is the contact moment between the droplet and liquid
film. For this simulation, t0 = 500. The kinematic viscosity
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FIG. 16. (a), (b) Density profiles of two-phase (a) Couette and (b) Poiseuille flows. (c), (d) Velocity profiles of two-phase (c) Couette and
(d) Poiseuille flows for various times. Points represent the results of LBM. Lines represent the results of VOF.

is adjusted to achieve different Reynolds numbers, defined as
Re = |u|D/ν.

In droplet splashing simulations, the diffusion radius r con-
sistently follows a power-law relationship with time: r/D =
C

√
ts. The constant C is typically approximately 1.3, with Li

et al. reporting 1.3 and Wu et al. [45] reporting 1.27. Here, r is
defined as the distance from the droplet center to the position
of maximum velocity [60]. Figure 17 presents our model’s
simulation results for various Re. It clearly demonstrates
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FIG. 17. Variation of r/D with
√

ts for various Re.

that r/D and ts maintain an excellent power-law relationship,
showing good agreement with the results reported by Wu et al.
[45]. This consistency further validates our model.

F. Liquid film evaporation under shear flow

The pseudopotential model can effectively predict inter-
phase mass transfer. The Schrage equation derived from
kinetic theory can predict the interphase mass transfer well
[20,61]:

ṁ = 2σ

2 − σ

(
Mf

2πR

)1/2
[

pv,equ(Tlv)

T 1/2
lv

− pv

T 1/2
v

]
, (78)

where ṁ is the interfacial mass flux, σ is the mass accom-
modation coefficient, Mf is the molar mass of the fluid, R is
the universal gas constant, Tlv is the interface temperature, pv

and Tv are the vapor pressure and temperature far from the
interface, and pv,equ(Tlv) denotes the equilibrium pressure at
Tlv. Under constant temperature conditions, Eq. (78) can be
simplified to

ṁ = C(pv,equ − pv) = C�p, (79)

where C is constant. This indicates that liquid films evaporate
continuously when the distant pressure is below the saturated
vapor pressure, and condense continuously otherwise. This
section simulates such behavior using physical parameters
consistent with Sec. VI E and τ = 1. The computational do-
main is 200 × 3 with a no-slip wall at the left boundary. The
right boundary employs the Zou-He scheme with constant
pressure pv and constant uy = 0.01, while ux is computed
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via LBM. By varying pv, different �p values are achieved.
Density initialization follows Eq. (79).

Figure 18(a) displays ux profiles for various �p. There
is no mass transfer while �p = 0 and ux = 0. ux in the gas
phase increases with �p. Figure 18(b) shows ṁ versus �p,
revealing a strong linear relationship over a wide range. This
corresponds to C = 0.0034 in Eq. (79). Notably, in this sec-
tion, interphase mass transfer occurs under shear conditions,
demonstrating our model’s capability for predicting inter-
phase mass transfer.

VII. CONCLUSION

Over the past 30 years, various force schemes have been
proposed to achieve thermodynamic consistency by adjust-
ing coexistence densities. However, the performance of these
force schemes under transient and moving conditions has not
been thoroughly validated. To address this gap, we first evalu-
ate the applicability of existing force schemes under transient
and moving conditions. We find that most schemes [11,25–
27,29,31] suffer from interfacial velocity slip. This is man-
ifested as a discontinuity in the velocity near the liquid-gas
interface, marked by a sharp rise or fall. The underlying cause
of this velocity slip is the shear stress oscillation. Our CE anal-
ysis reveals that other schemes introduce error terms related to
force and velocity in the macroscopic equations, leading to the
shear stress oscillation and the interfacial velocity slip.

While the schemes proposed by Guo et al. [23] and
McCracken-Abraham [24] do not result in interfacial velocity
slip, they fail to adjust coexistence densities. To address this
limitation and achieve thermodynamic consistency, we pro-
pose a new pseudopotential model. This model introduces a
novel pseudopotential force, which adds an additional term,
−2γ ∇̃2ψ∇̃ψ , to the original force. Thermodynamic con-
sistency is achieved by tuning the parameter γ . Moreover,
we provide a comprehensive discussion on the underlying

mechanisms of adjusting the interface thickness through the
new pressure term pnew

EOS = kpEOS. By performing unit con-
version, we demonstrate that the parameter k can adjust the
interface thickness in lattice units, but it does not affect the
interface thickness in physical units. The effect of k is equiv-
alent to scaling the spatial step in physical units by a factor of√

k.
The applicability of our model under transient and moving

conditions is thoroughly validated through various test cases.
We simulate two-phase Couette and Poiseuille flows, with
the results demonstrating excellent agreement with analytical
solutions. Our model successfully adjusts the coexistence den-
sities while eliminating interfacial velocity slip. Furthermore,
numerical tests confirm that our model exhibits second-order
accuracy, which is the first report on the accuracy of the pseu-
dopotential model in simulating two-phase flows. A stationary
droplet simulation further validates the surface tensor, with
results showing excellent alignment with analytical solutions.
Additionally, we compare the transient results of our model
with those from the VOF method. The transient velocity
profiles from both methods exhibit close alignment, further
validating the our model under transient conditions. Finally,
droplet splashing and liquid film evaporation under shear flow
are also simulated to demonstrate our model’s capability for
simulating two-dimensional flow and interfacial mass transfer.
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